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1. Introduction. 

Let Xi be a sequence of positive reals tending to infinity, let and bi be functions 
defined on a suitable Hilbert space which satisfy certain continuity and non-degeneracy 
conditions, and let Wl be a sequence of independent one-dimensional Brownian motions. 
In this paper we consider the countable system of stochastic differential equations 

OO 

dXl = Y,(^^J{Xt)dWl-XMXt)Xldt, f-1,2,..., (1.1) 

j=i 

and investigate sufficient conditions for weak existence and weak uniqueness to hold. Note 
that when the aij and bi are constant, we have the stochastic differential equations char¬ 
acterizing the inhnite-dimensional Ornstein-Uhlenbeck process. 

We approach the weak existence and uniqueness of (1.1) by means of the martingale 
problem for the corresponding operator 

^/(^) = - 5^te6*(a:)^(a:) (1.2) 

i,j = l * ^ i=l * 

operating on a suitable class of functions, where aij{x) = J2T=i^ik{x)ajk{x). Our main 
theorem says that if the aij are nondegenerate and bounded, the bi are bounded above and 
below, and the aij and bi satisfy appropriate Holder continuity conditions, then existence 
and uniqueness hold for the martingale problem for £; see Theorem 5.7 for a precise 
statement. 

There has been considerable interest in inhnite dimensional operators whose coeffi¬ 
cients are only Holder continuous. For perturbations of the Laplacian, see Cannarsa and 
DaPrato [CD], where Schauder estimates are proved using interpolation theory and then 
applied to Poisson’s equation in inhnite dimensions with Holder continuous coefRcients 
(see also [DZ]). 

Similar techniques have been used to study operators of the form (1.2). In hnite 
dimensions see [LI], [L2], [L3], and [DL]. For the inhnite dimensional case see [Ce], [Dl], 
[D2], [D3], [D4], [DZ], and [Z]. Common to all of these papers is the use of interpolation 
theory to obtain the necessary Schauder estimates. In functional analytic terms, the system 
of equations (1.1) is a special case of the equation 

dX = {b{Xt)Xt + F{Xt)) dt + (1.3) 

where a is a mapping from a Hilbert space H to the space of bounded non-negative 
self-adjoint linear operators on iL, 6 is a mapping from H to the non-negative self-adjoint 
linear operators on H (not necessarily bounded), F is a bounded operator on H, and 
b{x)x represents the composition of operators. Previous work has concentrated on (1.3) 
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in the following cases: where a is constant, b is Lipschitz continnons, and F = 0; where 
a and b are constant and F is bonnded; and where F is bonnded, b is constant and a 
is a pertnrbation of a constant operator by means of a Holder continnons nonnegative 
self-adjoint operator. We also mention the paper [DR] where weak solntions to (1.3) are 
considered. In onr paper we consider the eqnation (1.3) with the a and b satisfying certain 
Holder conditions and F = 0. There wonld be no difhcnlty introdncing bonnded F{Xt)dt 
terms, bnt we chose not to do so. 

The paper most closely related to this one is that of Zambotti [Zj. Onr resnlts 
complement those of [Z] as each has its own advantages. We were able to remove the 
restriction that the aij's be given by means of a pertnrbation by a bonnded nonnegative 
operator which in tnrn facilitates localization, bnt at the expense of working with respect 
to a hxed basis and hence imposing snmmability conditions involving the off-diagonal a^j. 
See Remark 5.10 for a farther discnssion in light of a conple of examples and onr explicit 
hypotheses for Theorem 5.7. 

There are also martingale problems for inhnite dimensional operators with Holder 
continnons coefficients that arise from the helds of snperprocesses and stochastic partial 
differential eqnations (SPDE). See [P] for a detailed introdnction to these. We mention 
[DM], where snperprocesses in the Fleming-Viot setting are considered, and [BP], where 
nniqneness of a martingale problem for snperprocesses on conntable Markov chains with 
interactive branching is shown to hold. These latter resnlts motivated the present approach 
as the weighted Holder spaces nsed there for onr pertnrbation bonnds coincide with the 
fnnction spaces *5“ nsed here (see Section 2), at least in the hnite-dimensional setting (see 
lABPJ). 

Consider the one dimensional SPDE 

(ill f)^ll 

^{t,x) = l^{x,t)+A{u)dW, (1.5) 

where W is space-time white noise. If one sets 

Xi = / t) dx, j = 0, ±1, ±2,..., 

Jo 

then the collection can be shown to solve the system (1.1) with the 

bi constant, and the Uij dehned in an explicit way in terms of A. Onr original interest 
in the problem solved in this paper was to nnderstand (1.5) when the coefficients A were 
bonnded above and below bnt were only Holder continnons as a fnnction of u. The resnlts 
in this paper do not apply to (1.5) and we hope to retnrn to this in the fntnre. 

The main novelties of onr paper are the following. 

(1) (7“ estimates (i.e., Schauder estimates) for the infinite dimensional Ornstein-Uhl- 

enbeck process. These were already known (see [DZ]), bnt we point ont that in 
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contrast to using interpolation theory, our derivation is quite elementary and relies 
on a simple real variable lemma together with some semigroup manipulations. 

(2) Localization. We use perturbation theory along the lines of Stroock-Varadhan to 
establish uniqueness of the martingale problem when the coefficients are sufficiently 
close to constant. We then perform a localization procedure to establish our main 
result. In inhnite dimensions localization is much more involved, and this argument 
represents an important feature of this work. 

(3) A larger class of perturbations. Unlike much of the previous work cited above, 
we do not require that the perturbation of the second order term be by an operator 
that is nonnegative. The price we pay is that we require additional conditions on 
the off-diagonal a^j’s. 

After some dehnitions and preliminaries in Section 2, we establish the needed 
Schauder estimates in Section 3. Section 4 contains the proof of existence and Section 
5 the uniqueness. Section 5 also contains some specihc examples where our main result 
applies. This includes coefficients aij which depend on a hnite number of local coordinates 
near (i, j) in a Holder ma nn er. 

We use the letter c with or without subscripts for hnite positive constants whose 
value is unimportant and which may vary from proposition to proposition, a will denote 
a real number between 0 and 1. 

Acknowledgment. We would like to thank L. Zambotti for helpful conversations on the 
subject of this paper. 


2. Preliminaries. We use the following notation. If is a separable Hilbert space and 
/ : > M, is the directional derivative of / at a: G in the direction w; we do not 

require rc to be a unit vector. The inner product in H is denoted (■,•), and | ■ | denotes the 
norm generated by this inner product. Cb = Cb{H) is the collection of M-valued bounded 
continuous functions on H with the usual supremum norm. Let C‘^ be the set of functions 
in Cb for which the hrst and second order partials are also in Cb. For a G (0,1), set 


l/lc“ 


\fix + h) - fix) 

sup -—- 

xeH,h^o |h|" 


and let (7“ be the set of functions in Cb for which ||/||c“ = ll/llcb + |/|c“Z is hnite. 

Let V : T’(U) —> iL be a (densely dehned) self-adjoint non-negative dehnite operator 
such that 

V~^ is a trace class operator on iL, (2.1) 

Then there is a complete ortho normal system {e^ : n G N} of eigenvectors of with 
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corresponding eigenvalues > 0, satisfying 


^ ^ A^ <C CXD, Xn ^ OO^ V€n Xn€n 

n=l 

(see, e.g. Section 120 in [RN]). Let Qt = be the semigronp of contraction operators 
on H with generator —V. If w E H, let Wn — {w, e^) and we will write Dif and Dijf for 
D^J and respectively. 

Assnme a : H L{H, H) is a mapping from H to the space of bonnded self-adjoint 
operators on H and b : H ^ L{V{V), H) is a mapping from H to self-adjoint non-negative 
dehnite operators on ViV) snch that {cn} are eigenvectors of b{x) for all x E H. If 
aij(x) = (ci, a{x)ej) and b{x){ei) = Xibi{x)ei, we assnme that for some 7 > 0 


ciij{x)ziZj > 71 ^ 1 ^, x,z E H, 
i,j 

> bi{x) > 7 , X E H, i eN. 


( 2 . 2 ) 


We consider the martingale problem for the operator C which, with respect to the 
coordinates {x,ei), is dehned by 

CXD 00 

Cf{x) = I aij{x)Dijf{x) - 'Y^\iXibi{x)Dif {x). (2.3) 

ij=l i=l 

Let T be the class of fnnctions in (7^ that depend on only hnitely many coordinates and 
To be the set of fnnctions in T with compact snpport. More precisely, / G T if there 
exists n and fn E C'^(M"') snch that f{xi,... ,Xn, ■ ■ ■) = fn{xi,.. .Xn) for each point 
{xi,X 2 , ■ ■ ■) and / G Tq if, in addition, fn has compact snpport. Let Xt denote the 
coordinate maps on the space (^([O, cx)), iT) of continnons iT-valned paths. We say that 
a probability measnre P on (^([O, cx)), iT) is a solntion to the martingale problem for C 
started at xq if P(Wo = xq) = 1 and /(W) — fi^o) ~ Jq C,f{.Xs)ds is a martingale for each 
feT. 

The connection between systems of stochastic differential eqnations and martingale 
problems continnes to hold in inhnite dimensions; see, for example, [KX] pp. 166-168. We 
will nse this fact withont farther mention. 

There are different possible martingale problems depending on what class of fnnc¬ 
tions we choose as test fnnctions. Since existence is the easier part for the martingale 
problem (see Theorem 4.2 below) and nniqneness is the more difhcnlt part, we will get a 
stronger and more nsefnl theorem if we have a smaller class of test fnnctions. The collec¬ 
tion T is a reasonably small class. When a{x) = and b(x) = V are constant fnnctions, 
the process associated with £ is the well-known iT-valned Ornstein-Uhlenbeck process. 
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We briefly recall the definition; see Section 5 of [ABP] for details. Let (IW, t > 0) be 
the cylindrical Brownian motion on H with covariance a. Let be the right continnons 
filtration generated by W. Consider the stochastic differential eqnation 


dXt = dWt - VXt dt. 


(2.4) 


There is a pathwise nniqne solntion to (2.4) whose laws G iL} define a nniqne 

homogeneons strong Markov process on the space of continnons iL-valned paths (see, e.g. 
Section 5.2 of [KX]). > 0} is an iL-valned Ganssian process satisfying 

E ((W, h)) = (Xo, Qth) for all heH, (2.5) 

and ^ 

CoY{{Xt,g){Xt,h))= f {Qt-sKaQt-sg)ds. (2.6) 

Jo 

The law of X started at x solves the martingale problem for 

OO OO 

Cof{x) = hYl -^XiXiDif{x). (2.7) 

i,j = l i=l 

We let Ptf{x) = K^f{Xt) be the semigronp corresponding to Cq, and 
R\ = e~^^Ps ds be the corresponding resolvent. We define the semigronp norm || ■ Uga 
for a G (0,1) by 

|/|s« = snpt““/2||Pt/-/IlCb (2.8) 

t>o 

and 

||/||s“ = ll/llc, + |/|s“- 

Let 5”“ denote the space of measnrable fnnctions on H for which this norm is finite. 

o /n 

For X ^ H and /3 G (0,1) define \x \/3 — snp;. |(a:, eA;)|A^' and 

Hjj = {x E H : \x\f 3 < cx)}. (2.9) 


3. Estimates. 

We start with the following real variable lemma. 

Lemma 3.1. Let A > 0, B > 0. Assume K : Cb{H) Ch{H) is a bounded linear operator 
such that 

lli^/llc, <7l||/||c„ feCbiH), (3.1) 

and there exists v E H such that 

\\Kf\\c, < B\\DJi\c„ (3.2) 
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for all f such that Dyf G Ch{H). Then for each a G (0,1) there is a constant ci 
such that 


\\Kf\\c, < Ci\vnf\c^B^A^-- for all f G 


Cl (a) 


Proof. Assume (3.1) and (3.2), the latter for some v & H. Let {pt : t > 0} be the 
standard Brownian density on M. If / G (7“, set 


Pe * f{x) 


f{x-\-Zv)pe{z)dz^ X E H. 


Since a change of variables shows that 


Pe * fix + hv) - Pe * f{x) = / f{x + zv)peiz-h)dz- / f (x + Zv)peiz) dz, 


it follows that 


DviPe * f)ix)- / fix +zv)p'^{z)dz; 


this is in CbiH) and 


\DviPe * f)ix)\ 


fix + zv)p'^iz) dz 


= Jifix +zv) - fix))p'^iz)dz 
<l/|c“kry' |z|“ypg(2;) dz 


where C2 — f \z\'^^^piiz) dz. We therefore obtain from (3.2) that 


(3.3) 


Next note that 

\Pe* fix) - fix)\ < j \fix +ZV) - fix)\peiz)dz 

< \f\cAvr j \zrPeiz) dz 
= C3l/lc“k^£“^^ 

where C 3 — f \z\^piiz) dz. By (3.1) 

\\K(Pe * f - /)llc, < csAl/lc-.lvrs'^/^. (3.4) 
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Let C 4 = C 2 V C 3 and £ = B'^ jA^. Combining (3.3) and (3.4) we have 


II A7llc. < C4|/|c»l«'re“''"|.4 + 

= 2c4i/ic“kr5“A^-“. 


□ 


Set 


and 


h{u) 


{2u)l{e^^ - 1) w ^ 0; 

1 u = Q. 


w\t = 


1/2 

<\W 


Recall 

00 

Qtw = y^^e~^^*Wiei. 

i=l 

We have the following by Propositions 5.1 and 5.2 of [ABP]: 

Proposition 3.2. (a) For all w & H, f & Cb{H), and t > 0, D^Ptf G Cb{H) and 


DMWc, < 


MtWfWcb 


(3.5) 


(b) If t > 0, w E H , and f : H ^ M. is in Cb{H) such that Dq^wf G Cb{H), then 


DMix) = PtiDQ^^f){x), xeH. 


In particular, 

WD^PtfWc, < WDg.^fWa- (3.6) 

We now prove 

Corollary 3.3. Let f G ( 7 “, u,w E H. Then for ail t > 0, Dy^Ptf and DuDwPtf a-re in 
Cb{H) and there exists a constant ci — ci{a, 7) independent of t such that 

\\D^Ptf\\cb < < ci|m;| (3.7) 


and 


DuD^PtfWch < Cl\Qt/2u\t/2\w\t/2\f\c^t'^ ^ < Ci\u\t/2\w\t/2\f\c‘-t'^ 
< Ci\u\ | m ;| 


(3.8) 



Proof. That D^Ptf is in Cb{H) is immediate from Proposition 3.2(a). By (3.5) and (3.6) 
we may apply Lemma 3.1 to K = D^Pt with v = Qtw, A = and S = 1 to 

conclnde for / G C°‘ 

< (3.9) 


This gives (3.7). 

By Proposition 3.2, D^DuPtf = D^Pt/ 2 DQ^^^uPt/ 2 f, and the latter is seen to be 
in Cb{H) by invoking Proposition 3.2(a) twice. Using (3.5) and then (3.9) we have 

\\DwDuPtf\\ct = \\DwPt/2DQt/2uPt/2f\\ci, 

< kl./2(7*/2)-‘/"||D0.„„P,/2/l|c. 

< l»-|,/2(7t/2)-‘'W“-‘>'t<?,/2M|,/2l/lc»(t/2)'“-‘''". 

This gives (3.8). □ 


Remark 3.4. We often will nse the fact that there exists ci snch that 


||/||c« <ci||/||s«. (3.10) 

This is (5.20) of [ABP]. 

Corollary 3.5. There exists ci — ci(a, 7 ) such that for all X > 0, f E (7“, i < j, we have 
DiRxf.DijRxf E Cb, and 

\\D,Rxf\\c, < ci(A + A,)-(“+')/2|/|c.. (3.11) 

\\D,^Rxf\\c, < ci(A + A,)-“/2 |/|c.. (3.12) 

mRxfWc^^ < ci(A + A,)-i/2||/||c«. (3.13) 

||A,i?A/||c« <ci||/||c- (3.14) 


Proof. Corollary 3.3 is exactly the same as Proposition 5.4 in [ABP], bnt with the 
norms replaced by (7“ norms. We may therefore follow the proofs of Theorem 5.6 and 
Corollary 5.7 in [ABP] and then nse (3.10) to obtain onr resnlt. However the proofs in 
[ABP] can be streamlined, so for the sake of clarity and completeness we give a more 
straightforward proof. 

From (3.7) and (3.8) we may differentiate nnder the time integral and conclnde that 
the hrst and second order partial derivatives of Rxf are continnons. To derive (3.12), note 
hrst that by (3.8), 

WDijPtfWc, = l|Bii-P./llc. < C2|0,/2€2l kil |/|c.t*“‘ (3.15) 
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Multiplying by and integrating over t from 0 to cx) yields (3.12). 

Next we turn to (3.14). Recall the definition of the norm from (2.8). In view of 
(3.10) it suffices to show 

IIA.-Ra/IIs- <C 3 ||/i|c- 

Since 

\\PtD,,Rxf - D,,Rxf\\c, <2\\D,jRxf\\c, <ci\f\c4X + 

by (3.12), we need only consider t < (A + Aj)“^. 

Use Proposition 3.2(b) to write 

PtD.jRxf - D.jRxf = [e-^^^e-^^^D,jPtRxf - D.jPtRxf] 

+ [DijPtRxf — DijRxf]- (3.16) 


Recalling that Xi < Aj, we see that the first term is bounded in absolute value by 


/• LAJ 

C4{Xjtr/^D,jPtRxf\\c, < / xf%-^^\\D,jPt+sf\\c,ds 

Jo 


using (3.15). 

The second term in (3.16) is equal, by the semigroup property, to 


e-^^D,jPt+sfds- I e-^W,jPsfds 


— As 


poo pt 

= (e^* - 1) / e-^^D,jPJ ds - 

Jo Jo 


f ds. 


Since At < 1, then — 1 < C6(At)“/^ and the bound for the second term in (3.16) now 
follows by using (3.15) to bound the above integrals, and recalling again that At < 1. 

The proofs of (3.11) and (3.13) are similar but simpler, and are left to the reader 
(or refer to [ABP]). □ 


4. Existence. 

Before discussing existence, we first need the following tightness result. 

Lemma 4.1. Suppose Y is a real-valued solution of 

Yt = yo + Mt-X [ Yrdr, (4.2) 

Jo 
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where Mt is a martingale such that for some cj 


(M)^-(M}^<ci(t-s), s<t. (4.3) 

Let T > 0, £ G (0,1). Let Zt = cLMg. Then Zt — Yt — e~^^yo and for each 

q > e~^, there exists a constant cq = C 2 (s, q, T) such that for all S G (0,1], 


E 


sup \Zt-Zs\‘^’^ 
-s,t<T,\t — s\<5 


§sq-l 


(4.4) 


Proof. Some elementary stochastic calculus shows that 

Yt^e-^^yo+ [ 

Jo 

which proves the hrst assertion about Z. 

Fix So < to < T. Let 


Kt = 


-A(to —So) _ 




and 


Note 


Then 


Lt = 6“^*° / e^^dMr. 
J So 


Zto - ^so — ^so + Lto- 


(^)so - 


< C3 

< C3 

< C3 


-A(to—So) _ 

g —A(to—So) _ 
g —A(to—So) _ ^ 

(1 A A(to — Sq)) 
A 


-2As 


r*S0 


0 


-2As 


0 


32 Aso _ ^ 

2A 


A 


-1 


Considering the cases A(to — so) > 1 and < 1 separately, we see that for any £ G (0,1) this 
is less than 

(to - SqY 


C4(£) 


Ai- 


Now applying the Burkholder-Davis-Gundy inequalities, we see that 

(to - So)®*^ 


E|iFsol'''<C5(£, q)- 


Xi^-e)q ’ 


q> 1. 


(4.5) 
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Similarly, 


This leads to 


(^)tn < C6 


][ g —2A(to—So) 


2A 

< C6 ^ A (to — So) j 
(1 A A(to - So)) 


= C 6 - 


A 


E|Ltj29<C7(£,Q) 


(to - SqY^ 
A(i“s)9 ’ 


q > 1. 


(4.6) 


Combining (4.5) and (4.6) shows that 


E|g<.-g..P''<C8(£,g) '*°(iA‘Sr - 


It is standard to obtain (4.4) from this; cf. the proof of Theorem 1.3.11 in [Bl]. 


□ 


Recall the dehnition of Hp from (2.9). 

Theorem 4.2. Assume Uij : H ^ M. is continuous for all i,j, bi is continuous for all i, 
(2.2) holds, and for some p > 1 and positive constant ci 

Afc > ciF, k>l. (4.7) 


Then for every xq G H, there is a solution P to the martingale problem for C starting at 
xq. Moreover if (3 G (0,1), then any such solution has snpg<j<g-i \Xt \/3 < oo for all e 
P-a.s. If in addition xq G Hp for some jd G (0,1), then any solution P to the martingale 
problem for C starting at xq will satisfy 


snp \Xt\p < oo for all T > 0, P — a.s. (4-8) 

t<T 


Proof. This argnment is standard and follows by making some minor modihcations to 
the existence resnlt in Section 5.2 of [KX]. We give a sketch and leave the details to the 
reader. Fix xq in H. Using the hnite dimensional existence result, we may construct a 
solution X^) = : /c G N) of 


— Xo{k) + l(fc<n) 


XkX:^%ix:)ds + 


n 

x 

i=i' 


a 


k,j 


ix:)dw, 


Here {W^} is a sequence of independent one-dimensional standard Brownian motions and 
a'^(x) is a symmetric positive dehnite square root of {aij{x))ij<n which is continuous in 
X E H (see Lemma 5.2.1 of [SV]). Then = X)fc=i X^'^Ck has paths in C'([0, cx)), H) and 
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we next verify this sequence of processes is relatively compact in this space. Once one has 
relative compactness, it is routine to use the continuity of the aij and bi on H to show that 
any weak limit point of {X'^} will be a solution to the martingale problem for C starting 
at xq. 

By our assumptions on 6 fc, each bk is bounded above by 7 “^ and below by 7 . We 
perform a time change on let = J^bk{Xg)ds, let be the inverse of 

and let Then solves the stochastic differential equation 


= Xo{k) + l(A;<n) 


XkY.^'^ds + M, 


5 


where is a martingale satisfying —< C 2 |t —s|, where C 2 is a constant 

not depending on n or k. 

We may use stochastic calculus to write 


-yn,k 


_ 


(t) + Z\ 


where 


x^'^{t) = [l(fc<n)e + l(k>n)]xQik) 




and 


= l{k <n) 

Jo 

Let T > 0 and s < t < T. Choose £ G (0,1 — -) and q > 2/e. By Lemma 4.1 we 


have for k < n and any d G ( 0 , 7 ], 


E 


sup 


\^n,k _ ^n,k\2q 


<C2(£,q,7 T)-f 






-1 


{l-s)q ■ 


A 


Hence, undoing the time change tells us that 


E 


sup 

X<TAs-t\<S 


|^n,fc _^n,fc|2g 


< l(fc<n)C3(£,9,7,^) .(l-g)g : 

AL 


where 

SO that . Now for 0 < s, t < T and |t — s| < 7 , 


E|Wf - 


1 /? 


= 11 \X^-X^\% 


Y 1 ^"’* - 


n,k |2I 


n,k |2I 


< II |wr" - w, 






i/g 


|t — s 


k 

e-l/g 


Ai¬ 


ls 



where 


II ■ IIg is the usual L'^(P) norm. 

By our choice of £ this is bounded by C 4 (£, q, 7 , T)\t — s 


supE |Xf - X,^|29 <cl\t- s|®«/2 s,t<T, 

n 


and hence 
|s — 1 | < 7 . 


It is well known ([Bi]) that this implies the relative compactness of in H). 

We may write 

X^ = X^-U^{t), (4.9) 

where 

^ rt 

U^(t) = 

li s < t, then 


k=i 


-X^ bu{X-)dT _ -Afc fj bk(x:) 


dr 


12 


xo{kf 


k=i 


k = l 
00 

k=l 

00 

+ ^ ^ l(Afe>7|t—s|-i)^o(^) ■ 
k=l 

Fix £ > 0. First choose N so that J2T=n ^ then h > 0 so that 

00 

and 


k=i 


N 


^A^rro(/c)^7 < e. 


k=i 


If 0 <C t — s 6^ th .611 usG th.6 3,bovG bounds in (^4.10) to conclude thut 


N 


|t/^(t) - 17^(s)|2 < ^ Xlxoikf'y ^ xo{ky^ 


k=i 


k=N 


+ ^ I(Afc > 7h yxo{ky 


k=i 


< 3£. 


(4,10) 
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This and the fact that xqiivH prove that is relatively compact in H). 

The relative compactness of {X^} now follows from (4.9). 

Assnme now P is any solntion to the martingale problem for C starting at xq E H 
and let XI denote {Xt, Ci). Fix (3 G (0,1) and T > 1. Choose e E {0,1 — /3). Using a time 
change argnment as above bnt now with no parameter n and h = 1, we may deduce for 
any q > 1/e and k eN, 

pfsup|Xi^ 

H<T ' 

The right-hand side is summable over k by our choice of £ and (4.7). The Borel-Cantelli 
lemma therefore implies that 

sup \X^ — e Jo ^^xo(k)l < for k large enough, a.s. (4-11) 

t<T 

If xq E Hj 3 , this implies that with probability 1, for large enough k, 

sup \Xl/\X^^‘^ <1 + xo{k)X^^‘^ <1 + \xo\i3, 

t<T 

and hence 

sup \Xt\fi < oo, a.s. 

t<T 

For general xq E H, (4.11) implies 

sup \X’/\X^^‘^ < 1 + X^^‘^\xq\ < cq{'^,T, (3,xq) for large enough k, a.s. 

T-^<t<T 

This implies sup 2 --i<i<j’ \Xt \(3 < oo a.s. and so completes the proof. □ 


5. Uniqueness. 

We continue to assume that (a^j) and (bi) are as in Section 2 and in particular will 
satisfy (2.2). Let yo E H and let P be any solution to the martingale problem for C started 
at yo. For any bounded function / dehne 


Sxf 


E / e-^^f{Xs)ds. 
Jo 


Fix zq E H and dehne 


OO OO 

J^ofix) = i X] aij{zo)Dijf{x) -'^XiXibi{zo)Dif{x). 
i,j=l i 


(6.1) 
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Set B = C — Cq and let R\ be the resolvent for Cq as in Section 2 . 

To make this agree with the dehnition of Cq in Section 2 we mnst replace by 
\i = hi{zQ)\i and set = aij{zQ). As 7 < hi{zo) < 7 “^, and the constants in Corollary 
3.5 may depend on 7 , we see that the bonnds in Corollary 3.5 involving the original \i 
remain valid for R\. We also will nse the other resnlts in Section 3 with \i in place of \i 
withont farther comment. In addition, if we simnltaneonsly replace hi by hi = hi/hi{zo), 
then 

^/(^) = 2 ^ aij{x)Dijf{x) - '^XiX^^i{x)Dif{x), 
i,j = l i=l 

^03 00 

= 2 ^ aij{zo)Dijf{x) -'^XiXiDifix), 
i,j=l i=l 


and 


hi{zo) = 1 all i. 


In Propositions 5.1 and 5.2 below we will simply assnme hi{zo) = 1 for all i withont loss 
of generality, it being nnderstood that the above snbstitntions are being made. In each 
case it is easy to check that the hypotheses on {hi, Xi) carry over to {hi,Xi) and as the 
conclnsions only involve £, Cq, Rx, and onr solntion X , which remain nnaltered by these 
snbstitntions, this rednction is valid. 

Let 

00 

?7 = snp ^ \aij{x) - aij{zo)\. (5.2) 


Set 


Bi{x) ^ Xi{hi{x) - 1). 


As before, a will denote a parameter in ( 0 , 1 ). 

Proposition 5.1. Assume 



(5.3) 

VI 


i 

(5,4) 


(5.5) 


i 


There exists ci(A) —0 as A —> cx) and C2 = 02(0,7) such that for all f G ( 7 “, we have 
BRxf G (7“ and 

||^^A/ilc“ < (ci(A) + C2?7)||/i|c“- 
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Proof. We have 


\BRxfix)\ < '^\aij{x) -aij{zo)\ \DijRxfix)\ 
hi 

+ ^ Ail^il \bi{x) - 1| \DiRxf{x)\ 

i 

< ?7C3|/|c“+C4(A)|/|c«, (5.6) 

where C 4 (A) —0 as A — cx) by (5.4) and (3.11). In particnlar, the series dehning BRxf is 
absolntely nniformly convergent. 

Let aij{x) = aij{x) — aij(zo). li h E H, then 

\BRxfix + h) - BRxfix)\ = |^[aij(a; + h)DijRxf{x + h) - aij{x)DijRxf{x)] 

+ ^ Xi[Bi{x + h)DiRxf{x + h) - Bi{x)DiRxf{x)] 

i 

- ®b (^ + h){DijRxf{x + h) - DijRxfix)) 
hi 

+ |^(aii(a: + h) -aij{x))DijRxfix) 
hi 

+ \^'^XiBi{x + h){DiRxf{x + h)- DiRxf{x)) 

i 

+ Ai(Si(a: + h)- Bi{x))DiRxf{x) 

i 

= Si + S 2 + S 3 + S 4 . (5.7) 


Use (3.14) to see that 

Si < 05 ^^ \aij{x + /i)||/|c“|h|“ 
hi 

< C6?7|/|c“|/ir- 


By (3.12) 

S2 < E \aij{x + h) - aij{x) \ \DijRxfix)\ 

hi 

< C 7 |aii|c“ |h|“(A + Aj) 

i<j 

<cs{x)\f\c^\hr, 


(5.8) 


(5.9) 
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(5.10) 


where (5.3) and dominated convergence imply limA^ooC8(A) = 0. By (3.13) 

^3 < C9 MB,{x + h)\{\ + \i)-^/‘^\f\cAhr < cio(A)|/|c-|/ir, 

i 

where cio(A) ^ 0 as A —cx) by (5.4) and dominated convergence. By (3.11) 

*54<cn5^A,|S,|c«(A + A,)-(i+“)/2|/|cH/ir <ci2(A)|/|cH/ir, (5.11) 

i 

where again ci 2 (A) —0 as A —cx) by (5.5). Combining (5.8), (5.9), (5.10), and (5.11) 
yields 

IBRxflc^^ < [ci3(A) + ci4?7]|/|c“. 

This and (5.6) complete the proof. □ 

Let (7“ denote those fnnctions in (7“ which only depend on the hrst n coordinates. 
Note that Tq C 

Proposition 5.2. If f & U„(7“, then 

Sxf = Rxf{yo)+SxBRxf. (5.12) 

Proof. Fix zq G H. Snppose h G T. Since h{Xt) — h(7fo) — /q Ch{Xs)ds is a martingale, 
taking expectations we have 

Eh{Xt) - h{yo) =E [ Ch{Xs)ds. 

Jo 

Mnltiplying by and integrating over t from 0 to cx, we obtain 

Sxh- -h{yo) =E / Ch{X,)ds dt = -E / Ch{Xs)ds =-SxCh. 

^ Jo Jo A 7o A 

This can be rewritten as 

XSxh - SxCoh = h{yo) + SxBh. (5.13) 

Dehne 

n n 

Bof{x) = ^ aij{zo)Dijf{x) - ^XiXiDif{x). 

i,j = l i=l 

Let R^ be the corresponding resolvent. The corresponding process is an n-dimensional 
Ornstein-Uhlenbeck process which starting from x at time t is Ganssian with mean vector 
{xie~^^^)i<n and covariance matrix Cij{t) = aij{zo){l — -)_ Aj)“^. These 
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parameters are independent of n and the distribntion coincides with the law of the hrst n 
coordinates (with respect to e^) of the process with resolvent R\. 

Now take / G (7“ and let h{x) = R\f{x) = R^f{xi,... ,Xn)- (Here we abnse onr 
notation slightly by having / also denote its dependence on the hrst n variables.) By 
Corollary 3.5 and (3.10), h G T. Moreover, Coh = CqR^/ = XRxf — f — XRxf — f. The 
second eqnality is standard since on fnnctions in (7^, £q coincides with the generator of 
the hnite-dimensional diffnsion. Now snbstitnte this into (5.13) to derive (5.12). □ 

To iterate (5.12) we will need to extend it to / G (7“ by an approximation argnment. 
Recall Xi = bi{zo)Xi. 

Notation. Write fn -^/ if {/n} converges to / pointwise and bonndedly. 

Lemma 5.3. (a) Iff G (7", then pRpf -^f as p ^ oo and 

sup \\pRpf\\c<- < ||/ilc“- 

p>0 

(b) For p > 0 there is a ci(p) such that for any bounded measurable f : H ^ R, 
Rpf G (7“ and WpRpfWc^- < Ci(p)||/||cb- 

Proof, (a) Note if / G (7“, then 

poo 

WpRpfWc, < / pe-^'llPtncA < ll/llc, 

Jo 

and 

poo 

pRpf{x) - f{x) ^ / pe~P\Ptf{x) - f{x))dt ^ 0 
Jo 

becanse Ptf{x) —^f{x) as t —0. 

Let Xt be the solntion to (2.4) (so that X has resolvents (Rx)) and let 
XI = {Xt,ei)ei. Then XI satishes 

Xl = X^, + Ml-K f Xlds, (5.14) 

Jo 

where Ml is a one-dimensional Brownian motion with Cov {Ml, Ml) = aii{sAt). Let 
denote the solntion to (5.14) when Xq = Xi. Then 

and so 

-Xf 
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Hence, if Xf is defined by {Xf, e^) = 




1/2 


Therefore 


and so 


\P,f{x + K)-P,![x)\ < |/|c-E(|Xf+'' -Xf|“) < |/|c.|A| 


\pRpf{x + h)-pRpf{x)\< / pe ^^\Ptf{x + h)-Ptf{x)\dt<\f\c<-\h\'^, 


i.e., \pRpf\c<- < |/|c“- This proves (a). 

(b) As we mentioned above, for any bonnded measnrable /, \\pRpf\\ch ^ ll/licb- 
We also have 


PspRpf - pRpf 


pe-P^[Ps+tf - Ptf]dt 


{eP^-1) / pe-PPtfdt-eP^ 



pe-P^Ptfdt. 


The right hand side is bonnded by 


2(e"^-l)||/ila. 

This in tnrn is bonnded by C 2 (p)s“/^ for 0 < s < 1. Also, 

WPspRpf-pRpfWc, < 2\\f\\c, < 2s^/^\\f\\c, for s > 1. 

Hence WpRpfWs^- < cab) ll/Ha- Onr conclnsion follows by (3.10), which holds for the {A^} 
jnst as it did for {Ai}. □ 

Lemma 5.4. Suppose fn-^O where snp^ ||/n||c“ < oo- Then 

DijPxfn -^0 and DiR\fn -^0 as n ^ oo for all i,j. 

Proof. We focns on the second order derivatives as the proof for the first order derivatives 
is simpler. We know from Corollary 3.3 that DijPxfn is nniformly bonnded in (7“ norm, so 
in particnlar, it is nniformly bonnded in Cb norm and we need only establish the pointwise 
convergence. We have from (3.8) that 

\\D,jPtfn\\c, < Cl||/n||c«t“/"“^ (5.15) 
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From Proposition 3.2, we have 


DijPtfn — DiPt/2DQ^/2£.Pt/2fn- (5.16) 

Fix t > 0 and w & H. The proof of Proposition 5.2 in [ABP] shows there exist random 
variables R{t, w) and Yt snch that 

D^Ptfix) = E [fiQtx + Yt)R{t, «;)], / G 

and 

I l2 

7 /; 

E[R{t,wf]<'-^. 

Therefore 

hnU, t, x) = DQ^i^^.Pt/ 2 fu{x) = E {fn{Qt/ 2 X + Ytl2)R{tl2, Qtl 2 (^j)) “^0 
by dominated convergence. Moreover Canchy-Schwarz implies 

\\hnij:t)\\c, < {'yt)~^^^Snp\\fm\\c,- 

m 

Repeating the above reasoning and nsing (5.16) we have 

D^jPtfnix) = DiPt/ 2 hn{x) = E {hn{Qt/ 2 X + Tt/2)R(t/2, Ei)) -^0, 

and 

\\DijPtfn\\cb < snp WfmWcb- (5-17) 

m 

Fix £ > 0. Write 

nS roo 

\DijRxfn{x)\ < / e~^^DijPtfn{x)dt + / DijPtfn{x)dt ; 

Jo Je 

by dominated convergence and (5.17) the second term tends to 0, while (5.15) shows the 
hrst term is bonnded by 

[ < C3(snp ||/m||c“)£“^^- 

Jo ITT- 

Therefore 

limsnp\DijRxfnix)\ < C4(snp ||/^||c'“)£“^^- 

n —^oo m 

Since £ is arbitrary, 

limsnp \DijRxfn{x)\ = 0. 

n —^oo 
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□ 

Proposition 5.5. Assume (5.4). If f E C^, then 

Sxf = Rxf{yo)+Sxl3Rxf. (5.18) 

Proof. We know fp = f — pRpf -^0 as p ^ oo hj Lemma 5.3. Lemma 5.3 also shows 
ll/pll C“ <2||/||c.. and therefore we may nse Lemma 5.4, the hniteness of ry, (5.4) (in fact 
a weaker condition snfhces here), and dominated convergence to conclnde 

BRxfpix) = - aij{zQ))Dij{Rxfp){x) 

+ '^XiXi{bi{x) - bi{zo))Di{Rxfp){x) -^0 as p ^ oo. 

i 

Here we also nse the bonnds \\DijRxfp\\ci < c\\f\\c^ and \\DiRxfp\\cb < 
from (3.11), (3.12) and Lemma 5.3(a). By nsing dominated convergence it is now easy to 
take limits throngh the resolvents to see that to prove (5.18) it snfhces to hx p > 0 and 
verify it for / = pRph where h G (7“. Fix snch an h. 

Let Zn{x) = X]r=i X as u ^ oo and dehne hn{x) = h{zn{x)). 

Then hn —since h G (7“. Recall the dehnition of Rp from the proof of Proposition 5.2; 
by the argnment there, we see that the fnnction pRphn{x) = pRphn{xi,... ,Xn) depends 
only on (xi, ..., Xn). By Lemma 5.3(b) pRphn G (7“ and therefore is in (7“. Proposition 
5.2 shows that (5.18) is valid with / = Rph^. Now pRphn -^pRph as n ^ oo and 
snp^ WpRphnWc^^ < Clip) by Lemma 5.3(b). Therefore if = pRp{hn — h) we may nse 
Lemma 5.4, Corollary 3.5, and dominated convergence, as before, to conclnde 

BRxdjiix) ^^(cijj(x) ciij izQ)) Dij iRxd.^)) ix) 

+ '^XiXiibiix) - bi{zo))DiiRxdn)ix) -^0 as n ^ oo. 

i 

We may now let n —cx) in (5.18) with / = pRphn to derive (5.18) with / = pRph, as 
reqnired. □ 

Theorem 5.6. Assume (2.2), each Uij and each bi is continuous, (4.7), (5.3), (5.4), and 
(5.5) hold. There exists rjo, depending only on (0,7), such that if rj < rjo, then for any 
yo E H there is a unique solution to the martingale problem for C started at y^. 

Proof. Existence follows from Theorem 4.2. 
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Let P be any solution to the martingale problem and define Sx as above. Suppose 
/ G (7“. Then by Proposition 5.5 we have 

Sxf = Rxfivo) + SxBRxf. 

Using Proposition 5.1 we can iterate the above and obtain 

k 

Sxf = Rx[j2^BRxy)f{yo) + Sx{BRx)^+^f. 

i=Q 

Provided rjo = 770 ( 0 , 7 ) is small enough, our hypothesis that rj < rjo and Lemma 5.1 imply 
that for A > Ao(a,7, (ciij), the operator BRx is bounded on (7“ with norm strictly 
less than Therefore converges to 0 and {BRx)’^~^^f also converges 

to 0, both in (7“ norm, as k ^ 00 . In particular, they converge to 0 in sup norm, so 
Rx{J2^k+i(^^>^y)f (Vo) Sx{BRx)^~^^f both converge to 0 as /c — cx). It follows that 

00 

Sxf = Rx[J2^8Rx)‘'jf{yo). 

i=Q 

This is true for any solution to the martingale problem, so Sx is uniquely defined for large 
enough A. Inverting the Laplace transform and using the continuity of t ^ E,f{Xt), we 
see that for every / G (7“, E,f{Xt) has the same value for every solution to the martingale 
problem. It is not hard to see that Tq C (7“ is dense with respect to the topology of 
bounded pointwise convergence in the set of all bounded functions. From here standard 
arguments (cf. [B2], Section VI.3) allow us to conclude the uniqueness of the martingale 
problem of C starting at yo as long as we have rj < rjo- □ 

Set 

<5/3,AT = {x G iL : \x\f 3 < N}. 

Theorem 5.7. Assume {hf) and (aij) are as in Section 2, so that (2.2) holds. Assume 
also that a,/3 G ( 0 , 1 ) satisfy 

(a) There exists p > 1 and ci > 0 such that Xj > cij^. 

(b) T.i<j |o«lc«A7“^“ < 00. 

< 00 . (For example, this holds if (3 > f/p.) 

(d) For all N > 0, for all 770 > 0, and for all xq G <5/3,/v there exists d > 0 such that if 
\x — Xo\ < S and x G Qp^N, then 

\aij{x) - aij{xo)\ < Tjo- 
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Ei < oo. 

Then for all y G Hp there exists a unique solution to the martingale problem for C starting 
at y. 

Remark. By Theorem 4.2, any solution to the martingale problem for C starting at y & H 
will immediately enter Hp and remain there a.s. for any /3 G (0,1). Hence the spaces Hp 
are natural state spaces for the martingale problem. 

Proof. Fix jS G (0,1) as in (c) and write Qn for Qp^N- Let P be a solution to the 
martingale problem for C. By Theorem 4.2 we only need consider uniqueness. If Tn = 
inf{t : Xt ^ <5at}, then by Theorem 4.2 we see that T/v t oo? ci.s. and it suffices to show 
uniqueness for P(X./\TAr ^ ■)■ (c) implies Qn compact and so as in the proof of Theorem 
VI.4.2 of [B2] it suffices to show: 

(5.19) for all xq G Qn there exist r > 0, aij, and bi such that = aij and bi = bi on 
Qtv n {x G iL : \x — Xo\ < r} and the martingale problem for C starting at y has 
a unique solution for all y G Qn- Here C is dehned analogously to C but with a^j 
and bi replaced by and bi, respectively. 

Fix xq & Qnj Vo as in Theorem 5.6. Choose d as in (d). We claim we can choose 
1 > hi > 0 depending on h and N such that if a: G Qn and ||a: — xqHoo < hi, then 
\x — Xq\ <5. Here |a:|oo = sup^ |(a:, ei)\. 

To prove the claim, note that ||a: — xqHoo < hi implies that for any Kq 

(4N^\p) < KoSl + 4iV" ^ \p. 

k k k>Ko 

So hrst choose Kq such that the second term is less than h^/2 and then set hi = bj^/2 Kq. 

Now let [pj^Qj] = [x{^ — bi^x^Q + hi] n [—VAj and note pj < Qj as 

xq G Qn- Let '0^ : M —M be dehned by 


X Pj < X < Qj ; 

^jjj{x) = '{pj itx<pj; 

Qj if X > Qj. 

Dehne 'll; : H ^ Qn H {x E H : \\x — xqHoo < hi} by 


= '^'il;j{{x,ej))ej. 
i=i 


As UjWl^ < iV^A"^, 'll; is well dehned by (c). 
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Take r = 5i G (0,1] and set aij{x) = aij{^|^{x)). li \x — xq\ < r and x G Qat, then 
ll^: — iColloo < f and therefore = x, which says that aij{x) = aij{x) for all i,j. 

Dehne 

{ u if Iwl < r; 

(2r — \u\)u/r if r < Iwl < 2r; 

0 if 2r < \u\j 

and set bi{x) = bi{xQ + p{x — xq)). If \x — xqI < r, then p{x — xq) — x — xq and so 
bi{x) = bi{x). Also bi is clearly continnons as (e) implies that bt is. 

We now show that aij satishes the hypotheses of Theorem 5.6. For any x 


\aij{x) - aij{xo)\ = 'Yl \aij{'il}{x)) - aij{xo)\. (5.20) 

hi hi 


Since ||'0(a:) — xqHoo < t and G Qat, it follows that |'0(a:) — xqI < h. (d) now implies 

that the right hand side of (5.20) is less than rjQ. It remains only to check (5.3) for aij. 
Bnt 


\il:j{x) - 'il^ji^x + hj)\ < \hjl 


and so 

\'il){x) — 'ip{x + h)\ < \h\. 


Therefore 


ttij {x + h) - aij (x) I 

= \aij{tl){x + h)) - aij{tl){x))\ 
< \aij\c^\tl^{x + h) - ' 0 (a:)|“ 


and so 


a^i I (7“ ^ I ap' I (7“ • 


Hence satishes (5.3) becanse aij does. 

If we set Bi{x) = Xi{bi{x)—bi{xQ))^ it is easy to check that Bi{x) is 0 for \x—xo\ > 2r, 
ll-Billoo < C 2 \bi\c‘^ < C 2 | 6 i|c“, and |i?i|c“ < C 2 | 6 i|c“ < C 2 \bi\c‘^, where ci may depend on 
xq. Therefore (e) implies (bi) satishes (5.4) and (5.5). 

We see then that Theorem 5.6 applies to aij and bi and so (5.19) holds. □ 


Example 5.8. We discnss a class of examples where the bi = 1 and the aij are zero nnless 
i and j are snfhciently close together. Let M G N, a G (0,1) and SMii^j) be the snbspace 
of H generated by {ck : \k — i\\/\k — j\ < M}. Also let j) be the projection operator 
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onto SMihj)- Assume that aji{x) = aij{x) — {ei,a(x)ej) satisfies (2.2) and depends only 
on coordinates corresponding to SMihj), that is, 

aij{x) = aij(IlsM{i,j)x) for all a: e iJeN. 

In particular, (5.21) implies aij is constant if |t — j| > 2M. Also suppose that 

sup \aij\c°‘ — Cl < oo. 

Set hi{x) = 1 for alH, x and also assume 

\j > C 2 j^ all j for some p > 1, (5.23) 

and (3 G (0,1) satisfies 

< oo for some 5 > 0. (5-24) 

^■=1 

For example, (5.24) will hold if p > 2 and (3a > 2/p. We then claim that the hypotheses 
of Theorem 5.7 hold and so there is a unique solution to the martingale problem for 
^fix) = Y.i,j aij{x)Dijf{x) - Y,i XiXiDif{x), starting at any y G Hp. 

We must check conditions (b)-(d) of Theorem 5.7. Note first that 

\Ojij(x A l(|i—j|<2M) |c“ 1^1 ■> 

SO that < l(|i-j|< 2 M)C 3 and hence by (5.24), 

< (2M + l)c 5 < cx). 

j 

This proves (b), and (c) is immediate from (5.24). If N > 0, x,xo G Qp,N, then for small 
enough £ > 0, 

\aij{x) - aij{xo)\ < 2^\aij\c^ “ d V \k - j\ < M){x{k) - Xoik))"^ 

i,j i<j k 

i+2M ^ <2 

<2\x-xo\^^ ^^l{\k-i\<M)\x{k) 

i j = ^ k 

oo 

<\x — XQfc4{M) \x{k) — xo{k)\'^~^ 

k=i 

°° -0 

< c^{M)\x - Xor 

k=i 

< c{M, N)\x — xol®. 


(5.21) 

(5.22) 
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We have used (5.22), x,xq G and (5.24) in the above. This proves (d), as required. 

Example 5.9. We give a more specihc realization of the previous example. Continue to 
assume bi = 1 for all i, (5.23), and (5.24). Let L,N > 1 (we can take N = 1, for example) 
and for /c > 1 let Ik = {{k — 1)N +1,..., kN}. For each k assume the 

space of symmetric positive dehnite N x N matrics. Assume for all /c, for all x G ^2L+iV, 
and for all ^ G 

N N 




(5.25) 


i=l j = l 


and 

sup max a,-- ( 7 “ < oo. 

k 

(5.26) 

Now for X C Hj let TikX 

= {{x,e(^(^i+k-i)N-L)vi))e=i,...,2L+N e R2^+^ and dehne a 

: H 


LiH,H)hj 


{a{x)ei,ej) = aij{x) = aji{x) 

^ I if b J e 4, /c > 1, 

[0 if (t, j) ^ X 4. 

Then for all x,z & H, 

OO 

'^'^aij{x)ziZj =Y^ a^j{x)ziZj 

i j k=li,jelk 

CO N 

= '^2 22 i^kX)Z(^k-l)N+iZ{k-l)N+j 

k=l i,j=l 

e [7kl^7“^kl^] 

by (5.25), and so (2.2) holds. Note that if i,j G 4, then (using the notation of Example 
5.8) 5i_(_iv(b j) ^ {{k — i)N — L + 1,... kN + L}, and so (5.21) with M = L -\- N is 
immediate from the above dehnitions. Also (5.22) is implied by (5.26). The conditions of 
Example 5.8 therefore hold and so weak existence and uniqueness of solutions hold for the 
martingale problem for C with initial conditions in Hp. 

Remark 5.10. The above examples demonstrate the novel features of our results. The 
fact that our perturbation need not be non-negative facilitates the localization argument 
(see Remark 9 in [Z] for comparison) and the presence of {A^- in condition (b) of 
Theorem 5.7 means that the perturbation need not be Holder in the trace class norm. The 
latter allows for the possibility of locally dependent Holder coefficients with just bounded 
Holder norms, something that seems not to be possible using other results in the literature. 
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On the other hand [Z] inclndes an SPDE example which onr approach cannot handle in 
general nnless, for example, the orthonormal basis in the eqnation diagonalizes the second 
derivative operator. This is becanse he has deconpled the conditions on the drift operator 
and noise term, while onrs are interconnected. The latter leads to the donble snmmation 
in conditions (b) and (d) of Theorem 5.7, as opposed to the trace class conditions in [Z]. 
All of these approaches seem to still be a long way from resolving the weak nniqneness 
problem for the one-dimensional SPDE described in the introdnction which leads to mnch 
larger pertnrbtions. 
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